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Introduction
It is a widely held belief that the mathematics needed to price exotic options is more onerous than the corresponding mathematics for pricing vanilla options. The objective of this paper is to show that certain kinds of exotic options are more easily priced in the Black Scholes model, so long as there is a well-developed market in vanilla options. Our approach is to exploit a linearity principle, which is exposited mathematically in the next section. In words, this principle states that if a security's future value is known to be linear in some other asset prices, then in a frictionless market, the absence of arbitrage requires that the security's value at any prior time be given by this same linear relationship. We will show that this principle underlies all arbitrage pricing theory, including dynamic trading, which can be used to value securities with non-linear payo s.
To illustrate the principle, we focus on the static hedging of barrier options, which are the most popular form of the second generation exotic options. Barrier options are otherwise vanilla options which are knocked in or out at the rst time the underlying asset hits a constant barrier. For example, an up-and-in put is an otherwise vanilla put which is knocked in at the rst hitting time of an upper barrier. At the hitting time, the option turns into vanilla put with a pre-speci ed strike and maturity. If the barrier is not hit before this maturity, the up-and-in put expires worthless. In contrast, an up-and-out put expires as a vanilla put unless the option has been knocked out previously.
When an option knocks out, a xed rebate is often paid out as partial compensation. These rebates may trade separately from the barrier option in which they are embedded. If the rebate is to be paid at an upper (lower) barrier, the claim is termed an American binary call (put). Since the rst hitting time of the barrier is not known in advance, these American binaries are subject to a kind of timing risk. The focus of this paper is primarily on the static hedging of this timing risk. We will show that the ability to value and hedge American binaries permits the corresponding valuation and hedging of any single barrier option.
There is a growing literature on the static hedging of barrier options. Using the assumptions of the Black 1] model, Bowie and Carr 3] rst showed how to staticly hedge the sale of single barrier options and lookback options. Subsequent papers extended these results to a nonzero underlying carry rate 5, 6, 11], non-lognormal distributions 7], and to multiple barrier options 6, 7] . These papers all use di usion models for the evolution of the underlying asset, and generate analytic solutions for the values and hedges of the barrier option. In general, the hedging strategy involves static positions in a continuum of options of all strikes, with a common maturity matching that of the exotic option. In contrast, Derman, Ergener, and Kani 9, 10] pioneered a second approach which uses a discrete time model to generate numerical solutions for the values and hedges of barrier options. The hedging strategy uses a series of options maturing with and before the barrier option. The options maturing strictly before the barrier option have a common strike equal to the barrier. This paper combines elements of both approaches. In common with the rst approach, the Black Scholes model will be used, allowing explicit analytic solutions for the values and hedges. In common with the second approach, options maturing with and before the barrier option are used as part of the hedging strategy. In contrast with both approaches, options maturing before the barrier option and struck at all levels beyond the barrier are also needed to implement the hedge. Given that a continuum of strikes and maturities are not available in practice, the fact that our approach uses a larger set of strikes and maturities suggests the procedure might work better in practice.
The structure of this paper is as follows. The next section presents the linearity principle and shows how it can be used to conduct static hedging when the payo time is known. The following section extends the application of the linearity principle to random payo times. In particular, we show how to value and hedge American binary calls in a simpli ed setting, where there are no carrying costs for the option or its underlying asset. The next section extends the analysis to nonzero carrying costs on both assets. The penultimate section illustrates how to extend our results from American binary calls to any single barrier option. The nal section concludes.
The Linearity Principle

Mathematical Formulation
The linearity principle is used to relate the value of a security to the contemporaneous spot prices of a set of other assets. Let V t denote the value to be determined at some time t > 0, and let S kt denote the spot price of asset k at time t, k = 0; 1; : : :; n, where S 0t is usually taken to be the spot price of the riskless asset. Then the Linearity Principle can be stated as follows:
for any stopping time 1 , then in a frictionless market, the absence of arbitrage 1 Loosely speaking, a stopping time is the random time at which a speci ed event occurs. An example of a stopping time is the rst time this year that a pre-speci ed barrier is touched. Any xed time is also considered to be a stopping time. An example of a random time which is not a stopping time is the last time this year that the barrier is touched.
requires:
at any prior time t for which the constants a i are known. Although (1) might be viewed as being overly restrictive, we will show that this condition holds for any derivative security, when the assets S kt obey di usion processes and the times and t are arbitrarily close. Henceforth, we refer to (1) as the linearity condition and to (2) as the linearity result.
The proof of the linearity principle is straightforward. If the linearity result is violated, then V t is either priced above or below the right side of (2). If it is priced above, then the security should be sold and the investor should buy a i units of each of the n assets. If it is priced below, then the security should be bought and the a i units of each of the n assets should be sold. In either case, the investor collects the di erence at t between the left and right sides of the linearity result (2), which is positive by assumption. At , the linearity condition (1) implies that the whole portfolio can be liquidated at no cost.
Note that the number of assets n used in the replication may be a countable or uncountable in nity. In the latter case, we must use the continuous asset version of the Linearity Principle, which involves a continuum of spot asset prices S t (K), where K is a continuous indexing variable:
for any stopping time , then in a frictionless market, the absence of arbitrage requires:
at any prior time t for which the function a(K) is known. Note that the stopping times in (1) and (3) may or may not be random. The next subsection considers non-random stopping times, while the following section considers random stopping times.
Static Hedging of Path-Independent Securities
Assuming only that markets are frictionless and that the payo is path-independent and occurring a a xed time T, Breeden and Litzenberger 4] showed that any such payo can be achieved by a portfolio of European calls and puts maturing at T. In particular, using a proof given in Carr and Madan 8], Appendix 1 shows that any twice di erentiable payo f(S) can be written as:
where can be any xed constant. Thus, any such payo can be uniquely expanded 2 into the payo from a static position in f( ) unit discount bonds, f 0 ( ) forward contracts 3 with delivery price , and the continuum of puts struck below and calls 4 struck above . The rst two terms in (5) combine to give the tangent to the curve f at the point . Figure 1 illustrates a tangency at = 1 for the quadratic payo f(S) = S 2 . Since f 00 (K) = 2, the quadratic payo is achieved by adding 2dK puts for all strikes K below 1 and 2 dK calls for all strikes above 1. is created by buying one bond, 2 forward contracts with delivery price 1, and 2dK puts at all strikes K 1 and 2dK calls of all strikes K 1.
Note that (5) indicates that the payo f( ) is linear in the payo s of the bond, the forward contract, and the continuum of options. Thus, the discrete and continuous versions of the Linearity Principle can be combined to determine 2 Equation (5) is in fact a rst order Taylor series expansion about with a second order remainder term. 3 Note that since bonds and forward contracts can themselves be created out of options, the spectrum of options is su ciently rich so as to allow the creation of any su ciently smooth payo , as shown in Breeden and Litzenberger 4] . 4 By setting to zero, the payo can be generated without puts provided f(0) and f 0 (0) are both nite. Similarly, by setting to in nity, the payo can be generated without calls provided lim "1 f( ) and lim "1 f 0 ( ) are both nite.
the following relationship for the value of the payo at any prior time t T:
where B t is the time t value of the unit bond, I t ( ) is the time t value of the forward contract with delivery price , and P t (K); K and C t (K); K are the time t values of puts and calls struck at K respectively.
An interesting special case arises if the arbitrary constant is taken to be the time t forward price F t . Since the forward price changes over time, the replicating portfolio will no longer be static. However, the advantage of this formulation is that the forward contracts used in the hedge are costless (I t (F t ) = 0). As a result, (6) decomposes the value of a claim with payo f( ) into its intrinsic value, f(F t )B t , and its time value:
Ft f 00 (K)C t (K)dK; t 2 0; T]: (7) Furthermore, since the options used in the hedge are all out-of-the moneyforward, the time value of the claim is expressed in terms of the time value of the options. Thus, if the payo f is globally convex, then the time value is nonnegative. If the payo is linear, then the claim has no time value. As a simple illustration of this result, taking f( ) to be the identity map:
f(S T ) = S T ; yields the familiar cost-of-carry relation: S t = F t B t ; t 2 0; T] (8) when the underlying asset is assumed to pay no dividends between t and T.
In the applications which follow, the payo f( ) will not be smooth. Fortunately, (5) still holds in this case if f( ) is interpreted as a generalized function 5 . To illustrate, suppose is again taken to be the time t forward price F t , but now f( ) is taken to be the payo from a call struck at K c < F: f(S T ) = max 0; S T ? K c ]; K c < F:
(9) Then the delta of the payo at maturity is a Heaviside step function: (10) while the gamma at maturity is a Dirac delta function: f 00 (S T ) = (S T ? K c ); K c < F: (11) After this excursion into the realm of generalized functions, it is perhaps comforting to learn that the substitution of (9) to (11) into (7) yields the familiar put-call-parity:
(12) Thus, the cost-of-carry relation (8) and put-call-parity (12) are really just special cases of the more fundamental decomposition into intrinsic and time value (7). This equation is in turn a consequence of the linearity principle applied to non-random stopping times. The next section shows how this principle may also be applied to random stopping times.
Hedging American Binary Options Under No
Carrying Costs
Recall that an American binary call pays one dollar at the rst passage time of the underlying price to a constant upper barrier. Similarly, an American binary put pays one dollar at the rst visit to a lower barrier. Both binaries are subject to timing risk, since the rst hitting time of the barrier is random. The next two sections show how the linearity principle can be applied with this stopping time, so that American binary options can be statically hedged and valued. We focus on American binary calls, leaving the corresponding results for puts as an exercise for the reader. For pedagogical reasons, this section assumes that options and their underlying have no carrying cost. The next section relaxes this assumption to the case where both carrying costs are constant. Initially, we assume that markets are frictionless and that the price process is continuous. We also assume that the probability is one that the stock price eventually hits either the barrier or the origin. At this point, we do not require that the price process be lognormal, nor do we require that vanilla options trade. However, we do assume zero carry, which in an equity context implies that interest rates and dividends are zero. This implies that the price of the riskless asset is always one dollar. Hence, the linearity principle simpli es in the current context:
for any stopping time , then in frictionless markets, the absence of arbitrage requires:
V t = a + bS t ; (14) at any prior time t for which the constants a and b are known. Note that since a and b are constant, the security has no time derivative.
We next show how this restricted version of the linearity principle can be applied to the static hedging of perpetual American binaries. The following subsection extends our results to nite-lived American binaries.
Perpetual American Binary Calls
By de nition, a perpetual American binary call pays one dollar at the rst passage time of the underlying to a constant barrier H set above the initial spot price. If the stock price hits the origin before hitting H, we assume that it is absorbed there. As a result, the perpetual American binary call becomes worthless if the origin is hit rst. This American binary call is actually a special case of a more general perpetual claim, which is issued with two barriers bracketing the initial stock price. This perpetual double barrier option pays R h dollars at the hitting time if the higher barrier H is hit rst, and pays R`dollars at the hitting time if the lower barrier L 0 is hit rst. Clearly, setting R h = 1; R`= 0 and L = 0 yields an American binary call.
Somewhat surprisingly, there is a stopping time for which the payo of the perpetual double barrier option is linear in the stock and bond. Suppose we set to be the earlier of the rst passage time to the higher barrier, h , and the rst passage time to the lower barrier L, `. Then applying (13) along paths for which = h gives: R h = V h = a + bH: (15) Along paths for which = `, we have:
R`= V `= a + bL: (16) Subtracting equations gives the share position:
Substituting into (16) gives the bond position: a = R`? b L: (18) Since we have assumed that the stock price must eventually hit one of the two barriers, the probability is one that the payo of the perpetual double barrier option at is linear in the stock and bond: PDBO = a + b S ; where a and b are known at any prior t . The linearity principle (14) implies that the time t price of a perpetual double barrier option is given by: PDBO t = a + b S t ; S t 2 (L; H); t :
(19) Setting R h = 1; R`= 0 and L = 0 in (17) and (18) implies b = 1 H and a = 0, so that the time t price of an American binary call is given by:
Thus, the payo s of an American binary call can be replicated by buying the quantity 1 H shares. If the origin is hit rst, both the American binary call and the shares are worthless. If the barrier H is hit rst, the shares can be sold for a dollar. The value of the perpetual American binary call is graphed in Figure  2 . For future use, we note from the graph and (20) that the American binary call has no time decay. 
Finite-Lived American Binary Calls
By de nition, a nite-lived American binary call pays one dollar at the rst passage time to a constant upper barrier, so long as this hitting time occurs before a xed time T. If the barrier has not been hit between issuance and maturity, the option expires worthless. Henceforth, all options are assumed to be nite-lived unless speci cally indicated as perpetual. Clearly, an American binary call is less valuable than its perpetual counterpart. Since both options have the same payo along paths which hit the barrier H or the origin before T, the additional value in the perpetual option arises solely from paths which avoid both barriers, and therefore nish between 0 and H at T. Along such paths, (20) implies that the value of a perpetual option at T is:
This value matches the payo from 1 H units of an up-and-out share-or-nothing put struck at H, whose value at t 2 0; T] is denoted U&OS_NP t . Thus, the value at T of the nite-lived option can be obtained from that of the perpetual option by subtracting o this position in up-and-out share-or-nothing puts (see Figure 3 ): 
We now assume that there exists a continuum of vanilla calls of all strikes struck above the barrier and maturing with the American binary call. From (5) with xed at any level below H, the payo of the share-or-nothing call can be statically replicated using a portfolio of these calls. Thus, if the up-and-in share-or-nothing put can also be statically replicated, then so can the American binary call. To accomplish this hedge, we now assume that the underlying price is a geometric Brownian motion with the constant volatility rate given by . This process cannot hit the origin and so , which was the earlier of the two hitting times, must be the hitting time of the barrier h . Assuming that the underlying follows geometric Brownian motion and has no carrying cost, Carr, Ellis and Gupta 7] showed that the up-and-in share-or-nothing put can be statically replicated with H bond-or-nothing calls, with each bond-or-nothing call paying o one dollar if the stock price is above H at maturity. To see this, note that both securities expire worthless should the stock price avoid the barrier before T. If the stock price does touch the barrier, then at the hitting time h , the value of the nascent share-or-nothing put is given by: 
Thus, in the Black Scholes model with zero interest rates and dividends, the American binary call has the same value as the sum of a bond-or-nothing call and 1 H share-or-nothing calls, with the latter two calls struck at H. If the stock price avoids the barrier before T, then all options expire worthless. If the stock price touches the barrier before T, then the two path-independent options can be sold at the hitting time for a total of one dollar. The next section shows that a similar result holds when the options and their underlying have carrying costs.
Hedging American Binary Calls with Carrying Costs
For the remainder of the paper, we assume the full Black Scholes model with a constant interest rate r > 0 and a constant dividend yield 0. In this setting, the restricted version of the Linearity Principle becomes:
V t = aB t + bS t ; (29) at any prior time t for which the constants a and b are known. In (28), B t denotes the value at t of a claim that pays a dollar at the stopping time, while S t denotes the time t value of a claim that pays a share at the stopping time.
To value an American binary call, the stopping time used is the earlier of maturity and the rst passage time to a constant upper barrier. However, with this de nition of the stopping time, B t and S t are just the time t values of one or more American binary calls. Consequently, (29) degenerates into a useless tautology.
One way out of this problem is to consider non-random stopping times. If is non-random, then (29) becomes: V t = ae ?r( ?t) + bS t e ? ( ?t) :
At rst glance, this version of the linearity principle would seem to be of limited applicability because of the linearity requirement in (28). However, by taking and t to be arbitrarily close, any nonlinear relationship can be approximated arbitrarily well with a linear one, provided that the Itô calculus is applicable. We next illustrate this point by presenting a heuristic but hopefully illuminating derivation of the Black Scholes partial di erential equation (p.d.e.), using only Itô's lemma and the linearity principle as described in (28) and (30). To emphasize that the claim's payo need not be linear, we consider the pricing of a vanilla call. Let the non-random stopping time be the maturity date T, and let the prior time t be the instant before, i.e. t = T ? dt. Let C(S; t) denote the value of the call given that the contemporaneous stock price is S and the time is t. By Itô's lemma: (38) The solution is given in 13]. From (36), the number of shares held at t < h is @ @S ABC(S t ; t). Since this varies with t, the hedging strategy is dynamic.
To uncover a static hedge, we would like to use the linearity principle globally, as was done in the previous section. However, we have already seen in (29) that if the payo at the rst passage time is expressed as a linear combination of the stock and bond, then the value at any prior time is expressed in terms of instruments whose value is unknown by de nition. A solution to this problem is to express the payo as linear in an alternative pair of instruments whose value at any prior time is known. The pair of intruments we will use are derivative securities with a single payo whose values have no time decay. Assuming for the moment that such securities exist, we call these instruments stationary, and denote their values at t by V s (S t ; t). The relationship between these values and a stationary claim's payo is given by the following Stationarity Principle: It is interesting to compare the Linearity Principle expressed in (13) and (14) with the Stationarity Principle given in (39) and (40). In both cases, the payo function holding at maturity also relates the value of the derivative to the value of its underlying at any earlier time. In the former principle, which assumed zero interest rates and dividends, this payo function is linear. In the latter principle, di erentiating (30) with respect to time implies that the payo function cannot be linear, unless r = = 0.
To determine the exact form of these non-linear payo s, we set the time derivative in the Black Scholes p. 
Thus, the two stationary solutions of (41) are S + and S ? , which we term the value of a pseudo-share and the value of a pseudo-bond respectively. Note that if r = = 0, then = = 1 2 and so the pseudo-share is a share while the pseudo-bond is a bond. For arbitrary r and , these pseudo-securities are both non-negative and convex functions of the stock price, as shown in gures 4 and 5. Since + 1, the pseudo-share rises with the stock price, while since + 0, the pseudo-bond falls with the stock price. Under the assumption that vanilla options of all strikes and of an arbitrarily distant 7 maturity T h are available, a portfolio of these options can be used to create the pseudo-share, which has a payo of S + Th at T h . From (5) Since the value of this payo is stationary, the stationarity principle implies that the value of this portfolio at any prior time t T h is simply S + t : Similarly, from (5) with " 1, the following portfolio of vanilla puts can be used to create the pseudo-bond:
Once again, the prior value of the pseudo-bond is simply S ? t : By the linearity principle, any claim whose payo is a linear combination of the prices of these securities at a stopping time will be priced so as to preserve this linear relationship at any prior time. This yields another two asset version of the linearity principle: V t = aS ? t + bS + t ; at any prior time t for which the constants a and b are known. Note that since a and b are constant, the security's value V is also stationary. 
Perpetual American Binary Calls
We will again consider the more general case of a perpetual double barrier option, paying R h dollars at the hitting time if the rst barrier hit is H > S 0 , and paying R`dollars at the hitting time if the rst barrier hit is L 2 (0; S 0 ). Accordingly, we set to be the earlier of the hitting times h and `. Along paths for which = h , we have: 
Consequently, at any time prior to hitting the barrier H, the payo s of a perpetual American binary call can be replicated by buying the quantity 1 H + pseudo-shares. On paths which eventually hit the barrier, the pseudo-shares can be sold for a dollar at the hitting time. On any paths which never 8 hit the barrier, the binary call is worthless, while the future value of the replicating portfolio is bounded above by a dollar, whose present value approaches zero for positive interest rates. This observation implies that practically 9 any perpetual up-and-out European option, which pays a rebate of R at the knockout barrier, is valued as:
As shown in McKean 12] and Samuelson 15] , a perpetual but otherwise vanilla American call is also given by (48), with the exercise proceeds R = H ?K and with the optimal exercise boundary:
We note that if there are no dividends ( = 0), then from (43), + = 1. This implies from (49) that the exercise boundary is in nite, implying no early exercise of a perpetual vanilla American call. This also implies from (47) that a perpetual American binary call can be replicated by buying 1 H shares, extending the result of the previous section to positive interest rates.
Finite-Lived American Binary Calls
As before, a perpetual American binary call is more valuable than its nite-lived counterpart. Since both options again have the same payo along paths which hit the barrier before T, the additional value in the perpetual option again arises 8 If the drift of the stock is less than 2 2 , then there is positive probability that the barrier in never hit. 9 If we consider a perpetual option as the limit of a nite-lived option as the maturity goes to in nity, then the requirement is that the payo for S T 2 0;H] be bounded above.
solely from paths which avoid the barrier. Along such paths, (47) implies thatThen in the Black-Scholes model, there exists a drift-adjusted re ected payo f r (S t ) with support above H whose value matches that of f at any time t when the spot price is at H. This payo is given by: We note that if r = , then from (42), n c simpli es to:
Thus, if r = = 0, then n c = 0 and the American binary call value is given by:
ABC t (T) = 2B_NC t (T) + 1 H C t (H; T): Substituting C t (H; T) = S_NC t (T) ? HB_NC t (T) gives (27).
Since the Black Scholes formula can be used to value the vanilla calls at t in terms of S t , the American binary call value at t is also a function of S t . It can be shown that this function ABC(S; t) is in fact the solution of the Black Scholes p.d.e. (35), restricted to the domain below the barrier, and subject to (37) and (38). If this domain restriction is removed and the time t is set to maturity, then the payo implicit in (56) is recovered:
As shown in Carr and Chou 5], this suggests a quick way to uncover a static hedge for an American binary put, paying a dollar at the rst passage time to a lower barrier L. From (5) with xed at some level above the barrier, this path-independent payo can be created out of vanilla puts maturing at T and struck at and below H. Note that the value of a perpetual American binary put is easily obtained by setting T to in nity in (59):
The stationarity of this payo implies that the perpetual American binary put can be statically hedged using a portfolio of very long dated puts paying ST h L ? at their maturity date T h . On paths which eventually hit the barrier, these puts can be sold for a dollar at the hitting time. On any paths which never 10 hit the barrier, the binary put is worthless, while the future value of the replicating portfolio is bounded above by a dollar, whose present value approaches zero for positive interest rates. If we consider a perpetual option as the limit of a nite-lived option as the maturity goes to in nity, then we can use this approach to value a perpetual down-and-out European claim. so long as 10 If the drift of the stock is greater than We note that if interest rates vanish (r = 0), then this exercise boundary is zero, implying no early exercise of a perpetual vanilla American put. This also implies from (59) that a perpetual American binary put can be replicated by buying a bond. Note however, that when dividends vanish instead ( = 0), the perpetual American binary put cannot be statically hedged by buying 1 L shares, in contrast to the corresponding result for calls.
The next section shows that nite-lived American binary options are fundamental in that any barrier option can be valued as a static portfolio of these options. 5 Static Hedging of Barrier Options Breeden and Litzenberger 4] showed that static positions in vanilla options can be used to uncover the state pricing density, where states are de ned by terminal stock price levels. In fact, using a proof given in Carr and Madan 8], Appendix 2 shows that this state pricing density g(Z) is given by the cost of a position in By analogy, this section represents a state pricing density in terms of option prices, where states are now given by rst passage times to a constant barrier. In contrast to (62), the representation given is only valid in the Black Scholes model. In common with (62), the representation allows us to uncover the static hedge associated with an arbitrary payo de ned over the relevant states. In our case, this payo occurs at the rst passage time to the barrier.
Recall that an American binary call maturing at T pays one dollar at the rst passage time so long as this hitting time occurs before T. Consequently, a calendar spread of an American binary call maturing at T + 4T over one maturing at T delivers a dollar if and only if the rst hitting time is between T and T +4T. If an investor purchases Integrating by parts gives: UOV t = V (S; t)+ABC t (T) g(T)?V (H; T)]? Z T t ABC t (u) g 0 (u) ? @ @u V (H; u) du; (69) since ABC t (t) = 0 for S t < H. The static hedge for the rst term is obtained from (5), while the static hedge for the second and third terms can be obtained from the appropriate weighting of the static hedge for an American binary call given in (57). For down-and-out claims, one would instead use the static hedge for an American binary put.
Summary
By exploiting the principles of linearity, stationarity and symmetry, we showed how to conduct static hedges of barrier options. It would be relatively straightforward to extend the analysis to multiple barrier options and to lookback options. A much more challenging problem is to extend the analysis to arbitrarily time-dependent interest rates, dividend yields, and variance rates, while retaining the analytical avor of the foregoing analysis. In the interests of brevity, this extension is left for future research.
